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COMPACTNESS OF THE SPACE OF EMBEDDED MINIMAL
SURFACES WITH FREE BOUNDARY IN THREE-MANIFOLDS
WITH NONNEGATIVE RICCI CURVATURE AND CONVEX
BOUNDARY
AILANA FRASER AND MARTIN MAN-CHUN LI
Abstract. We prove a lower bound for the first Steklov eigenvalue of embed-
ded minimal hypersurfaces with free boundary in a compact n-dimensional
Riemannian manifold which has nonnegative Ricci curvature and strictly con-
vex boundary. When n “ 3, this implies an apriori curvature estimate for
these minimal surfaces in terms of the geometry of the ambient manifold and
the topology of the minimal surface. An important consequence of the esti-
mate is a smooth compactness theorem for embedded minimal surfaces with
free boundary when the topological type of these minimal surfaces is fixed.
1. Introduction
In a series of recent papers [10], [11] and [12], Fraser and Schoen studied an
extremal problem for the first Steklov eigenvalue on compact surfaces with bound-
ary and proved that minimal surfaces in Euclidean balls with free boundary on the
boundary of the ball realize the extrema. The equatorial disk [37] and the critical
catenoid [10] [11] [12] uniquely maximize σ1pΣqLpBΣq among metrics on the disk
and annulus respectively. In the recent preprint [10], they were able to prove ex-
istence of extremal metrics for genus zero orientable surfaces with any number of
boundary components, and the extrema are achieved by properly embedded mini-
mal surfaces in the unit ball B3 in R3 with free boundary. The non-orientable case
of a Mo¨bius band was also studied in detail. This motivates the question of finding
more examples of properly embedded minimal surfaces in the unit ball. In the case
without boundary, Lawson [22] proved that a closed orientable surface of any genus
can be realized as an embedded minimal surface in the standard round sphere S3
(while any non-orientable closed surface except RP 2 can be realized as a minimal
immersion into S3). A central question in this direction is the following:
Question 1: Which compact orientable surfaces with boundary can be realized
as properly embedded minimal surfaces in the unit ball B3 with free boundary?
Since B3 is simply connected, any properly embedded surface in B3 must be
orientable. By the results of Fraser and Schoen [10] [11], we know any genus zero
orientable surface can be minimally embedded into B3 as a free boundary solution.
Therefore, it remains to look for surfaces of higher genus. Another related question
one could ask is the following:
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Question 2: Given a compact orientable surface with boundary, in how many
ways can it be realized as a properly embedded minimal surface in the unit ball B3
with free boundary?
Note that any such minimal surface comes in a continuous family because of the
isometry group of the unit ball (which is a compact group). Therefore, we should
look at minimal embeddings up to congruences. Using the holomorphicity of Hopf
differential, Nitsche [28] proved that the equatorial totally geodesic disk is the only
immersed minimal disk in B3 with free boundary (up to congruences). For the
annulus, we have the following conjecture:
Conjecture 1.1. The critical catenoid is the unique properly embedded minimal
annulus in B3 with free boundary up to congruences.
One should compare this conjecture with the longstanding conjecture of Lawson
[23], which asserts that the Clifford torus is the unique embedded minimal torus in
S3 up to congruences. Various partial results were obtained in this direction with
additional assumptions ([27] [32] [36]). Very recently, Lawson’s conjecture was
proved in full generality by Brendle [4] (see [5] for a nice survey of this conjecture).
In this paper, we prove that the space of properly embedded minimal surfaces in
B3 with free boundary is compact in the C8 topology, if we fixed the topological
type of the surface. In fact, we prove that the compactness result holds in any com-
pact 3-manifoldM3 with nonnegative Ricci curvature and strictly convex boundary
BM . This result is similar to the classical compactness of minimal surfaces in closed
manifolds with positive Ricci curvature of Choi and Schoen [7]. Note that proper
embeddedness is an essential assumption in our theorem.
Theorem 1.2. Let M3 be a compact 3-dimensional Riemannian manifold with
nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the
boundary BM is strictly convex with respect to the inward unit normal. Then the
space of compact properly embedded minimal surfaces of fixed topological type in M
with free boundary on BM is compact in the Ck topology for any k ě 2.
The key ingredient in the proof is a lower bound on the first Steklov eigenvalue for
properly embedded minimal surfaces with free boundary in terms of the boundary
convexity of BM . Combining with an equality from [12], this gives an apriori upper
bound on the length of the boundary in terms of the topology of the minimal surface
and the boundary convexity of BM . By an isoperimetric inequality of White [38], we
get an upper bound on the area of the minimal surface as well. These together give
an apriori L2 bound on the norm of the second fundamental form of the minimal
surface. By a removable singularity theorem and curvature estimates similar to the
ones in [7], we obtain the smooth compactness theorem above.
The outline of this paper is as follows. In section 2, we prove some general
facts about minimal hypersurfaces with free boundary in a Riemannian n-manifold
with nonnegative Ricci curvature and convex boundary. The key results are the
isoperimetric inequality (Lemma 2.2) and the connectedness principle (Corollary
2.5). When n “ 3, we prove that any such manifold M3 is diffeomorphic to the
unit ball B3 (Theorem 2.11). In section 3, we prove a lower bound for the first
Steklov eigenvalue of a properly embedded minimal hypersurface in terms of the
boundary convexity of the ambient manifold. Then, we specialize to dimension
three and prove a removable singularity theorem and curvature estimates at the
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free boundary in sections 4 and 5. In section 6, we give a proof of our main
compactness theorem (Theorem 1.2).
Acknowledgements. The authors would like to thank Professor Richard Schoen
for many useful discussions and his interest in this work. They would also like to
express their gratitude to the anonymous referee for all the useful comments.
2. Minimal hypersurfaces with free boundary
LetMn be a compact n-dimensional Riemannian manifold with nonempty bound-
ary BM . Let x¨, ¨y be the metric on M and D be the Riemannian connection on M .
The second fundamental form hBM of BM , with respect to the inner unit normal n,
is given by hBM pu, vq “ xDuv, ny, where u, v are tangent to BM . The mean curva-
ture HBM of BM is then defined as the trace of hBM ; i.e., HBM “
řn´1
i“1 h
BM pei, eiq
where e1, . . . , en´1 is any orthonormal basis for the tangent bundle T BM . All man-
ifolds are assumed to be smooth up to the boundary unless otherwise stated.
Let ϕ : Σ Ñ M be a compact hypersurface (possibly with boundary) properly
immersed in M ; that is, ϕpBΣq “ ϕpΣq X BM . We say that Σ is a minimal hyper-
surface with free boundary if Σ is a minimal hypersurface (i.e., the mean curvature
vanishes) and Σ meets BM orthogonally along BΣ. If ϕ is an embedding, we treat
Σ ĂM as a submanifold ofM and take ϕ to be the inclusion map Σ ãÑM . Suppose
Σ is two-sided; that is, there exists a globally defined unit normal vector field N on
Σ. Any normal vector field on Σ has the form X “ fN for some f P C8pΣq and
the second variation (see [34] for example) of the volume functional with respect to
X “ fN is
δ2Σpfq “
ż
Σ
“
}∇Σf}2 ´ pRicM pN,Nq ` }hΣ}2qf2
‰
dVolΣ(2.1)
´
ż
BΣ
hBM pN,Nqf2dVolBΣ,
where ∇Σ is the gradient operator on Σ, RicM is the Ricci curvature of M , and
hΣ is the second fundamental form of Σ with respect to the unit normal N . Here,
dVolΣ and dVolBΣ are the volume forms onM and BM respectively. Note that N is
tangent to BM along BΣ since Σ meets BM orthogonally along BΣ. We say that Σ
is stable if δ2Σpfq ě 0 for any smooth function f on Σ. Otherwise, Σ is unstable.
The following lemma is an immediate consequence of formula (2.1).
Lemma 2.1. Let Mn be an n-dimensional compact Riemannian manifold with
nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the
boundary BM is strictly convex with respect to the inward unit normal; i.e., there
exists a constant k ą 0 such that hBM pu, uq ě k ą 0 for any unit vector u tangent
to BM .
Then, any two-sided, properly immersed, smooth minimal hypersurface Σn´1
with nonempty free boundary BΣ must be unstable. Moreover, if M is orientable,
then the pn´ 1q-th relative integral homology group Hn´1pM, BMq vanishes.
Proof. Taking f ” 1 in (2.1), the curvature assumptions imply that δ2Σp1q ď
´kVolpBΣq ă 0 (since BΣ ‰ H). Therefore, Σ is unstable. To prove the second
assertion, suppose Hn´1pM, BMq ‰ 0. Let α ‰ 0 be a nontrivial primitive class
in Hn´1pM, BMq. We claim that one can choose a compact embedded minimal
hypersurface Σ with free boundary (which may be empty) such that α “ rΣs in
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Hn´1pM, BMq and Σ minimizes volume among all hypersurfaces homologous to Σ
relative to BM (see, for example, Corollary 9.9 in [9]). This can be seen as follows.
By Poincare-Lefschetz duality and noting KpZ, 1q “ S1, we have
Hn´1pM, BMq – H
1pMq – xM,S1y.
So α corresponds to a map f : M Ñ S1, which we can assume to be smooth
by the Whitney approximation theorem. Then, for any regular value z P S1 of
f , the preimage f´1pzq is a properly embedded compact orientable hypersurface
which represents α in Hn´1pM, BMq. Since Σ is stable, the curvature estimates
for stable minimal hypersurfaces ( [14] [33] [35]) imply that Σ is smooth up to the
boundary (which may be empty), except possibly along a singular set S of Hausdorff
dimension at most n´8. Assume first the singular set S is empty. If BΣ ‰ H, then
we have a contradiction with the above statement since Σ is stable and two-sided.
If BΣ “ H, then it follows from Lemma 2.2 below that this is impossible. In case
S is nonempty, a cutoff argument near the singular set gives the same conclusion
since S has codimension greater than 3. 
The next lemma is an isoperimetric inequality for minimal hypersurfaces in M ,
which holds under slightly weaker curvature assumptions than those in Lemma 2.1.
Lemma 2.2 (Isoperimetric inequality). Let Mn be a compact n-dimensional Rie-
mannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci
curvature and the boundary BM is strictly mean convex with respect to the inward
unit normal.
Then, M contains no smooth, closed, embedded minimal hypersurface. Further-
more, if n ď 7, then there exists a constant c ą 0, depending only on M , such
that
(2.2) Vol pΣq ď cVol pBΣq
for any smooth immersed minimal hypersurface Σ in M .
Proof. It suffices to show that if M contains no smooth, closed, embedded minimal
hypersurface, then the isoperimetric inequality (2.2) follows from Theorem 2.1 of
[38]. Suppose not, and let Σ be a smooth, closed embedded minimal hypersurface
in M . Since BM is strictly mean convex, we have Σ X BM “ H by the strong
maximum principle (see [38]). Therefore, Σ and BM are a positive distance apart;
i.e., dpΣ, BMq “ ℓ ą 0. Since both BM and Σ are compact, there exists a minimizing
geodesic γ : r0, ℓs Ñ M (parametrized by arc length) that realizes the distance
between Σ and BM . Since γ is minimizing, γ lies in the interior of M except
at γpℓq P BM . Moreover, γ is orthogonal to Σ and BM at the end points. Pick
any orthonormal basis e1, . . . , en´1 for Tγp0qΣ and let V1, . . . , Vn´1 be their parallel
extensions to normal vector fields along γ. If we look at the second variation of γ
with respect to the normal variation fields Vi, i “ 1, . . . , n ´ 1 and sum over i, we
get
n´1ÿ
i“1
δ2γpVi, Viq “ ´
ż ℓ
0
RicM pγ1, γ1qds´HΣpγp0qq ´HBM pγpℓqq ă 0
since RicM ě 0, Σ is minimal, and BM is strictly mean convex. Therefore,
δ2γpVi, Viq ă 0 for some i and hence γ cannot be stable. This contradicts that
γ is a minimizing geodesic from Σ to BM . This proves the lemma. 
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Remark 2.3. We will later apply (2.2) to properly embedded minimal surfaces with
free boundary. However, the isoperimetric inequality (2.2) applies in general to any
minimal hypersurface Σ without any assumptions on the boundary BΣ.
The next lemma shows that under the curvature assumptions in Lemma 2.1, any
two properly embedded minimal hypersurfaces must intersect each other.
Lemma 2.4. Let Mn be an n-dimensional compact orientable Riemannian mani-
fold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and
the boundary BM is strictly convex with respect to the inward unit normal. Then,
any two properly embedded orientable minimal hypersurfaces Σ1 and Σ2 in M with
free boundaries on BM must intersect; i.e., Σ1 X Σ2 ‰ H.
Proof. We argue by contradiction. Suppose there are two disjoint properly embed-
ded minimal hypersurfaces Σ1, Σ2 with free boundaries on BM . Without loss of
generality, we assume that both Σ1 and Σ2 are connected. Note that BΣ1 and BΣ2
are nonempty by Lemma 2.2. Since Hn´1pM, BMq “ 0 by Lemma 2.1, there exists
a compact connected domain Ω Ă M such that BΩ “ Σ1 Y Σ2 Y Γ, where Γ is a
smooth domain in BM . On Ω, let d1 and d2 be the distance functions from Σ1 and
Σ2 respectively. Since M has nonnegative Ricci curvature and Σ1, Σ2 are minimal,
we have ∆Md1 ď 0 and ∆
Md2 ď 0 on Ω in the barrier sense (see Definition 1 in
[6]) away from Σ1 and Σ2. Notice that we have used the fact that these minimal
hypersurfaces meet BM orthogonally so that for any point x in ΩzΣ1, d1pxq is real-
ized by a geodesic from x to an interior point y on Σ1. Hence, the same calculation
as in the Laplace comparison theorem for the case without boundary applies here.
Therefore, ∆M pd1 ` d2q ď 0 in the barrier sense on Ω. We claim that d1 ` d2 is
constant on Ω.
If d1 ` d2 attains an interior minimum in Ω, the generalized Hopf maximum
principle in [6] implies that d1 ` d2 is constant. Since d1 ` d2 is continuous, the
global minimum must be achieved by some point p P BΩ “ Σ1 YΣ2Y Γ. Since BM
is strictly convex, the outward normal derivative of d1 ` d2 is strictly positive on
Γ Ă BM . Indeed the outward normal derivative of each of d1 and d2 is positive on
Γ. Therefore, the minimum p lies on Σ1 or Σ2. Assume, without loss of generality,
that p P Σ1. Observe that d1`d2 “ d2 on Σ1, and p is a point on Σ1 that is closest
to Σ2. Since BM is convex and Ω is connected, there exists a minimizing geodesic
γ Ă Ω that connects p to Σ2, and such a geodesic γ is disjoint from BM and meets
Σ1 and Σ2 orthogonally at the end points. On the other hand, as d1 ` d2 “ d1
on Σ2, γ actually realizes the distance between Σ1 and Σ2 in Ω. This implies that
d1 ` d2 is constant on γ, but then d1 ` d2 has an interior minimum, which implies
that d1 ` d2 is constant in Ω. However, since the outward normal derivative of
d1 ` d2 is strictly positive on Γ Ă BM and Γ is nonempty, this is a contradiction.
Therefore, Σ1 and Σ2 cannot be disjoint. 
Corollary 2.5 (Connectedness principle). Under the curvature assumptions onM
and BM in Lemma 2.4, any properly embedded minimal hypersurface in M with
free boundary is connected.
One can prove Lemma 2.4 using a form of Reilly’s formula [31]. In this paper, we
will look at compact manifolds with piecewise smooth boundary. We first observe
that Reilly’s formula holds for such manifolds provided that the function is smooth
enough away from the singular set S of the boundary. Note that there is a sign
6 AILANA FRASER AND MARTIN LI
difference in the formula from that in [8], since we are using the inward unit normal
instead of the outward unit normal.
Lemma 2.6 (Reilly’s formula). Let Ω be a compact n-manifold with piecewise
smooth boundary BΩ “ Yki“1Σi. Suppose f is a continuous function on Ω where
f P C8pΩzSq, and S “ Yki“1BΣi is the singular set. Assume that there exists some
C ą 0, depending only on f , such that }f}C3pΩ1q ď C for all Ω
1 ĂĂ ΩzS. Then,
Reilly’s formula holds:
0 “
ż
Ω
RicΩpDf,Dfq ´ p∆Ωfq2 ` }D2f}2(2.3)
`
kÿ
i“1
ż
Σi
p´∆Σif `HΣi
Bf
Bni
q
Bf
Bni
` x∇Σif,∇Σi
Bf
Bni
y ` hΣip∇Σif,∇Σifq.
Here, RicΩ is the Ricci tensor of Ω; ∆Ω, D2 and D are the Laplacian, Hessian, and
gradient operators on Ω respectively; ∆Σi and ∇Σi are the intrinsic Laplacian and
gradient operators on each Σi; ni is the inward unit normal of Σi; H
Σi and hΣi
are the mean curvature and second fundamental form of Σi in Ω with respect to the
inward unit normal respectively.
Proof. Since the singular set S “ Yki“1BΣi has codimension two in Ω, the smooth-
ness assumption of f implies that Stokes’ Theorem with singularites (Theorem 3.3
of [21]) is applicable. Hence, the same proof as in Theorem 1 of [8] gives the desired
result. 
Using Lemma 2.6, we give an alternative proof of Lemma 2.4.
Alternative Proof of Lemma 2.4. We will prove Lemma 2.4 by contradiction. Sup-
pose Σ1 and Σ2 are connected and disjoint. Let Ω be the connected domain bounded
by Σ1 and Σ2 modulo BM as before. Note that Ω is a compact n-manifold with
piecewise smooth boundary BΩ “ Σ1 Y Σ2 Y Γ, where Γ Ă BM . Let intpΩq denote
the interior of Ω. Consider the following mixed Dirichlet-Neumann boundary value
problem on Ω:
(2.4)
$’’’&
’’’%
∆Ωf “ 0 on intpΩq
f “ 0 on Σ1,
f “ 1 on Σ2,
Bf
Bn “ 0 on Γ,
where n is the outward unit normal on BM . Since Σ1 and Σ2 meet BM orthogonally
along their boundaries, there exists a function ϕ P C8pΩq such that$’&
’%
ϕ “ 0 on Σ1,
ϕ “ 1 on Σ2,
Bϕ
Bn “ 0 on Γ.
Letting fˆ “ f ´ ϕ, the mixed boundary value problem (2.4) is equivalent to the
following mixed boundary value problem with zero boundary data:
(2.5)
$’&
’%
∆Ωfˆ “ ∆Ωϕ on intpΩq,
fˆ “ 0 on Σ1 Y Σ2,
Bfˆ
Bn “ 0 on Γ.
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Since ∆Ωϕ P C8pΩq, classical results for elliptic equations with homogeneous
boundary data ([1] and [25]) imply that a solution to (2.5) exists in the classi-
cal sense and the solution fˆ P C0,αpΩq X C8pΩzSq, where S “ BΣ1 Y BΣ2, and
therefore f “ fˆ ` ϕ P C0,αpΩq X C8pΩzSq is a solution to (2.4), with uniform C3
estimates away from the singular set S. Applying Reilly’s formula in Lemma 2.6
to f and Ω, as ∆Ωf “ 0, we obtain
(2.6) 0 ě
ż
Ω
RicM pDf,Dfq `
ż
Γ
hBM p∇BMf,∇BMfq.
The boundary terms for Σ1 and Σ2 vanish since Σ1 and Σ2 are minimal and f is
constant on Σ1 and Σ2. Since Ric
M ě 0 and hBM ě k ą 0, (2.6) implies that
∇BMf “ 0 and hence f is locally constant on Γ, which is impossible since BΓ “
BΣ1 Y BΣ1 and f “ 0 on Σ1 but f “ 1 on Σ2. Thus, we have a contradiction. 
Remark 2.7. (a) Note that the free boundary condition comes in the proof in a
rather subtle way that gives enough regularity to the mixed boundary value
problem (2.4) to apply Reilly’s formula in Lemma 2.6. If the free boundary
condition is dropped, the theorem is no longer true. For example, there are
disjoint flat disks in the unit ball in R3.
(b) The theorem does not hold if we only assume that RicM ě 0 and BM is
only weakly convex. For example, let Bn´1 be the pn´1q-dimensional unit
ball in Rn and M be the product manifold Bn´1 ˆ r0, 1s smoothly capped
off by two unit half n-balls at the two ends. Then all the slices Bn´1ˆttu,
t P r0, 1s, are mutually disjoint embedded minimal hypersurfaces with free
boundary on BM . However, there are some rigidity results in this case (see
[29]).
We now prove a result about the connectedness of BM for M with nonnegative
curvature and strictly mean convex boundary.
Proposition 2.8. Let Mn be an n-dimensional compact Riemannian manifold
with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and
the boundary BM is strictly mean convex with respect to the inward unit normal.
Then BM is connected, and the homomorphism
π1pBMq
i˚
ÝÑ π1pMq
induced by the inclusion map i : BM ÑM is surjective.
Proof. The proof is similar to the one in Lemma 2.2. If BM is not connected, there
exists a minimizing geodesic from one component of BM to another component
that realizes the distance between them. However, the second variation formula
and the curvature assumptions on M and BM imply that γ is unstable, which is
a contradiction. Therefore, BM is connected. (One can also give a different proof
using Reilly’s formula (2.3). Suppose BM is not connected. Let Σ be one of its
components. Take f P C8pMq to be a harmonic function that is equal to one on Σ
and is equal to zero on BMzΣ, which is nonempty. Then, Reilly’s formula implies
that f is constant, which is a contradiction.) The same argument applies to the
universal cover M˜ of M . Thus BM˜ is connected and this implies the surjectivity of
the homomorphism π1pBMq Ñ π1pMq as in [23]. 
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Remark 2.9. As noted in [23], Proposition 2.8 remains true if BM is assumed to
be only piecewise smooth and if the interior angle between two smooth boundary
pieces is always less than π.
From the alternative proof of Lemma 2.4, we actually proved that if Ω is a con-
nected n-manifold with nonnegative Ricci curvature and piecewise smooth bound-
ary BΩ, where we can decompose BΩ “ Γ1 Y Γ2 with Γ1 non-empty and strictly
convex with respect to the inward unit normal, and Γ2 minimal, then Γ2 must
be connected. The following corollary is an immediate consequence following the
arguments in the proof of Theorem 2 in [23].
Corollary 2.10. Let Mn be a compact n-dimensional Riemannian manifold with
nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the
boundary BM is strictly convex with respect to the inward unit normal. Let Σ be
a properly embedded minimal hypersurface in M with free boundary on BM . If
both Σ and M are orientable, then Σ divides M into two connected components
Ω1 and Ω2.
When n “ 3, we get much stronger topological restrictions on M3 from the
curvature and boundary convexity assumptions.
Theorem 2.11. Let M3 be a compact Riemannian 3-manifold with nonempty
boundary BM . Assume M has nonnegative Ricci curvature.
(a) If M is orientable and BM is strictly mean convex with respect to the inner
unit normal, then M3 is diffeomorphic to a 3-dimensional handlebody.
(b) If BM is strictly convex with respect to the inner unit normal, then M3 is
diffeormorphic to the 3-ball B3.
Remark 2.12. Note that we do not need to assume M is orientable in case (b); it
follows as a consequence. For higher dimensions n ě 4, we conjecture that in case
(b), Mn has finite fundamental group (see Conjecture 1.3 in [24]).
Proof. First, we assume that M is orientable. If BM is strictly mean convex and
nonempty, then it is connected, by Proposition 2.8. Using Theorem 5 in [26],
we know that M is a handlebody. If BM is strictly convex, then we also have
H2pM, BMq “ 0 from Lemma 2.1, which implies that M is diffeomorphic to the
3-ball B3.
Suppose M is non-orientable and BM is strictly convex. Then the orientable
double cover M˜ is the 3-ball B3. Therefore, BM˜ “ S2 is a double cover of BM ;
thus BM is homeomorphic to RP 2. However, since BM is the boundary of a compact
manifold, by a theorem of Pontrjagin [30], all the Stiefel-Whitney numbers of BM
vanish. However w1pRP
2q “ w2pRP
2q “ 1. This is a contradiction. So M must be
orientable. 
3. Steklov Eigenvalue Estimate
In this section, we prove a lower bound for the first Steklov eigenvalue of a com-
pact properly embedded minimal hypersurface satisfying the free boundary condi-
tion in a compact orientable manifold M with boundary, whereM has nonnegative
Ricci curvature and BM is strictly convex. We refer the reader to section 2 of [12]
for a brief description of the Dirichlet-to-Neumann map and Steklov eigenvalues.
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Theorem 3.1. Let Mn be an n-dimensional compact orientable Riemannian man-
ifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature
and the boundary BM is strictly convex with respect to the inward unit normal. Let
k ą 0 be a constant such that hBM pu, uq ě k ą 0 for any unit vector u tangent to
BM .
Let Σ be a properly embedded minimal hypersurface in M with free boundary on
BM . Supose one of the following holds,
(i) Σ is orientable; or
(ii) π1pMq is finite;
then we have the following eigenvalue estimate
σ1pΣq ě
k
2
,
where σ1pΣq is the first non-zero Steklov eigenvalue of the Dirichlet-to-Neumann
map on Σ.
Proof. We first assume that Σ is orientable. By Corollary 2.5 and Corollary 2.10,
Σ is connected and Σ divides M into two connected components Ω1 and Ω2. Take
Ω “ Ω1. Let BΩ “ Σ Y Γ where Γ Ă BM . Thus, BΣ “ BΓ. Note that Γ is
not necessarily connected, but each component of Γ must intersect Σ along some
component of BΣ. Otherwise, BM would have more than one component, which
would contradict Proposition 2.8.
Let z P C8pBΣq be a first eigenfunction of the Dirichlet-to-Neumann map on Σ;
i.e., there exists z1 P C
8pΣq such that
(3.1)
$’&
’%
∆Σz1 “ 0 on Σ,
z1 “ z along BΣ,
Bz1
BνΣ
“ σ1z along BΣ,
where νΣ is the outward conormal vector of BΣ with respect to Σ, and σ1 “ σ1pΣq.
Recall that BΓ “ BΣ. Let z2 P C
8pΓq be the harmonic extension of z P C8pBΓq to
Γ: #
∆Γz2 “ 0 on Γ,
z2 “ z along BΓ.
Next, we consider the Dirichlet boundary value problem on the compact n-manifold
Ω with piecewise smooth boundary BΩ “ ΣY Γ:
(3.2)
$’&
’%
∆Ωf “ 0 on Ω,
f “ z1 along Σ,
f “ z2 along Γ.
Note that the Dirichlet boundary data is continuous. Standard results on elliptic
boundary problems ([1], [2], [3]) imply that a classical solution for (3.2) exists and
f P C1,αpΩq XC8pΩzBΣq, for every α P p0, 1q, together with uniform C3 estimates
away from the singular set BΣ. Applying Reilly’s formula (2.3), we have
0 ě
ż
Σ
ˆ
x∇Σf,∇Σ
Bf
BnΣ
y ` hΣp∇Σf,∇Σfq
˙
`
ż
Γ
ˆ
x∇Γf,∇Γ
Bf
BnΓ
y ` k}∇Γf}2
˙
.
where nΣ and nΓ are the inward unit normals of Σ and Γ respectively, with respect
to Ω. Without loss of generality, we can assume that the integral
ş
Σ
hΣp∇Σf,∇Σfq ě
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0. Otherwise, we choose Ω “ Ω2 instead. Using the fact that ∆
Σpf |Σq “ ∆
Σz1 “ 0
and ∆Γpf |Γq “ ∆
Γz2 “ 0, integrating by parts gives
(3.3) 0 ě
ż
BΣ
Bf
BνΣ
Bf
BnΣ
`
ż
BΓ
Bf
BνΓ
Bf
BnΓ
` k
ż
Γ
}∇Γf}2,
where νΣ and νΓ are the outward conormal vectors of BΣ “ BΓ with respect to Σ
and Γ respectively. Since Σ meets Γ orthogonally along BΣ “ BΓ, we have νΣ “ ´nΓ
and nΣ “ ´νΓ along the common boundary BΣ. Since f P C
1,αpΩq, the gradient
Df is continuous on Ω up to the singular set BΣ “ BΓ. Therefore,ż
BΣ
Bf
BνΣ
Bf
BnΣ
“ ´
ż
BΣ
Bf
BνΣ
Bf
BνΓ
“
ż
BΓ
Bf
BνΓ
Bf
BnΓ
.
Putting this back into (3.3) and using the boundary condition in (3.1), we get
0 ě ´2σ1
ż
BΓ
f
Bf
BνΓ
` k
ż
Γ
}∇Γf}2.
Since ∆Γpf |Γq “ 0, another integration by parts on Γ implies that
ş
BΓ f
Bf
BνΓ
“ş
Γ
}∇Γf}2. As f is non-constant on Γ (since z is non-constant on BΓ), we get
σ1 ě k{2. This proves the theorem when Σ is orientable.
Now, suppose Σ is not orientable but π1pMq is finite. Let M˜ be the universal
cover of M . Then M˜ satisfies the same curvature assumptions as M . Since π1pMq
is finite, M˜ is compact and π : M˜ Ñ M is a finite covering. Let Σ˜ be the lifting
of Σ; i.e., Σ˜ “ π´1pΣq. Since M˜ is simply connected and Σ˜ is properly embedded,
both M˜ and Σ˜ are orientable. By the result above, σ1pΣ˜q ě k{2. But the pullback
by π of the first Steklov eigenfunction of Σ into Σ˜ is again an eigenfunction of Σ˜.
Therefore, σ1pΣq ě σ1pΣ˜q ě k{2. The proof of Theorem 3.1 is completed. 
Since Bn is simply connected, we have the following corollary.
Corollary 3.2. Let Σ be a compact properly embedded minimal hypersurface in
Bn, the Euclidean unit ball, with free boundary on BBn. Then σ1pΣq ě 1{2.
It is known ([12]) that for a minimal submanifold properly immersed in the unit
ball in Rn with free boundary on the unit sphere, the coordinate functions are
Steklov eigenfunctions with eigenvalue 1. It is natural to ask if this is the first
Steklov eigenvalue when the minimal submanifold is properly embedded and has
codimension one.
Conjecture 3.3. Let Σ be a compact properly embedded minimal hypersurface
in Bn, the Euclidean unit ball, with free boundary on BBn. Then σ1pΣq “ 1.
From now on, we will assume that n “ 3. In [12], Fraser and Schoen proved
that if Σ is a compact orientable surface of genus g with γ boundary components
of total length LpBΣq, then σ1pΣqLpBΣq ď 2πpg`γq. Combining this with a bound
of Kokarev [20] and Theorem 3.1, we get the following estimate on the boundary
length of a minimal surface with free boundary in terms of its topology.
Proposition 3.4. Let M and Σ be the same as in Theorem 3.1. Assume that dim
Σ “ 2. Then,
LpBΣq ď min
"
4π
k
pg ` γq,
16π
k
„
g ` 3
2
*
.
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Remark 3.5. By Theorem 2.11, we know that M3 is diffeomorphic to the unit ball
B3, which is simply connected, and hence any properly embedded surface in M is
automatically orientable.
Corollary 3.6. Let Σ be a compact properly embedded minimal hypersurface in
B3, the Euclidean unit ball, with free boundary on BB3. Then LpBΣq ď 4πpg` γq.
4. Removable Singularity Theorem
In this section, we prove a removable singularity result at the free boundary for
properly embedded minimal surfaces with free boundary in a compact Riemannian
3-manifold with boundary.
Theorem 4.1. Let M3 be a Riemannian 3-manifold with boundary and let Q be
a point on BM . Suppose Σ Ă M is a (possibly non-orientable) minimal surface
with smooth boundary and finite Euler characteristic which is properly embedded in
MztQu. Assume that Σ meets BM orthogonally along BΣ. If Q lies in the closure
of BΣ as a point set, then ΣY tQu is a smooth properly embedded minimal surface
in M .
Proof. Assume first that Σ is orientable. Let Ω denote the Riemann surface (with
boundary) determined by the induced metric on Σ, and let F : Ω Ñ M be a
conformal harmonic embedding with Σ “ F pΩq. Since the Euler characteristic
of Σ is finite, Ω is conformally equivalent to a compact Riemann surface (with
boundary) with a finite number of disks and points removed. Therefore, there exist
(open or closed) arcs or points γ1, . . . , γk such that Ω “ ΩY pY
k
i“1γiq is a compact
Riemann surface Ω with boundary. Since Q lies in the closure of BΣ as a point
set, this implies that we can extend F continuously to Ω. We claim that all γi are
points on the boundary. Note that for each γi, F pγiq “ tQu. Suppose γi is an arc.
Since F is continuous up to γi and is harmonic with a constant value along γi, by
a result in [15], F is C1,α up to γi. Since F is conformal, dF “ 0 along γi and
therefore we can extend F past γi to take the constant value Q and this extension
is still C1. This results in a weakly harmonic map which is C1, and therefore a
classical harmonic map ([18]). However, since F is constant on an open set, F
must be identically constant on Ω, which is a contradiction. Therefore, each γi
is a point. Moreover, we see that γi is not an interior point, since F is a proper
embedding and Q lies in the closure of BΣ. Therefore, F extends smoothly ([19])
across γi to a harmonic map from Ω to M . If γi were a boundary branch point
of F , then by the asymptotic expansion near a branch point at the free boundary
(Lemma 1 of [17]), there would be a line of self-intersection emanating from Q,
which contradicts that Σ is embedded. Therefore, F extends as a proper minimal
immersion from Ω Y tγ1, . . . , γku. Since Σ is properly embedded, the maximum
principle for minimal surfaces with free boundary implies that k “ 1 (otherwise,
there would be two minimal half-disks with free boundary that touch at one point
at Q, which would violate the maximum principe). Hence, F : ΩYtγ1u Ñ ΣYtQu
is a smooth properly embedded compact minimal surface in M with smooth free
boundary on BM .
Now suppose Σ is not orientable. Let Σ˜ be the orientable double cover of Σ and
let Ω be the Riemann surface determined by Σ˜. The same argument as above gives
a proper minimal immersion from Ω Y tγ1, . . . , γku. Choose a sufficiently small r
such that F´1pBrpQqXΣq is a disjoint union of open sets D1, . . . , Dk with γi P Di.
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Since Σ is properly embedded, by the maximum principle, we have F pDiq “ F pDjq
for all i, j. Therefore, Σ Y tQu is a smooth properly embedded compact minimal
surface in M with smooth free boundary on BM . This proves Theorem 4.1.

5. Curvature Estimates
In this section, we extend the well-known “small total curvature” estimate of
Choi and Schoen [7] to the free boundary case.
Theorem 5.1. Let M3 be a compact Riemannian 3-manifold with boundary. Then
there exists r ą 0 small enough (depending only on M and BM) such that the
following holds: let Q PM , and suppose Σ is a compact properly immersed minimal
surface in M with free boundary on BM such that Q P Σ. Then, there exists ǫ ą 0
depending only on the geometry of BrpQq in M such that ifż
ΣXBrpQq
}hΣ}2da ď ǫ,
then we have
max
0ďσďr
˜
σ2 sup
Br´σpQq
}hΣ}2
¸
ď C,
where C is a constant depending only on the geometry of BrpQq in M .
Proof. Choose σ0 P p0, rs such that
σ20 sup
Br´σ0pQq
}hΣ}2 “ max
0ďσďr
˜
σ2 sup
Br´σpQq
}hΣ}2
¸
.
Let Q0 P Br´σ0pQq be chosen so that
}hΣ}2pQ0q “ sup
Br´σ0 pQq
}hΣ}2.
Therefore, as Bσ0{2pQ0q Ă Br´σ0{2pQq, by the choice of σ0 and Q0, we have
sup
Bσ0{2pQ0q
}hΣ}2 ď sup
Br´σ0{2pQq
}hΣ}2 ď 4}hΣ}2pQ0q.
We rescale the metric ds2 on M by setting d˜s
2
“ }hΣ}2pQ0qds
2. Then Σ is still
a minimal surface with respect to d˜s
2
with free boundary on BM . In the rescaled
metric, we have
(5.1) }h˜Σ}2pQ0q “ 1 and sup
B˜r0pQ0q
}h˜Σ}2 ď 4,
where r0 “
1
2
σ0}h
Σ}pQ0q. We claim that we can choose ǫ sufficiently small enough
so that r0 ď 1. In this case,
max
0ďσďr
˜
σ2 sup
Br´σpQq
}hΣ}2
¸
“ σ20 sup
Br´σ0 pQq
}hΣ}2 ď 4.
Suppose that r0 ě 1, then ρ0 “ p}h
Σ}pQ0qq
´1 ď σ0{2. Therefore,ż
ΣXB˜1pQ0q
}h˜Σ}2d˜a “
ż
ΣXBρ0 pQ0q
}hΣ}2da ď
ż
ΣXBrpQq
}hΣ}2da ď ǫ.
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If 0 ă ǫ ă 1, then
(5.2)
ż
ΣXB˜
ǫ1{3
pQ0q
}h˜Σ}2d˜a ď
ż
ΣXB˜1pQ0q
}h˜Σ}2d˜a ď ǫ.
By the monotonicity formula for minimal surfaces with free boundary ([14]), when
r is sufficiently small, there is a constant c ą 0, depending on the geometry of
BrpQq, such that the area with respect to d˜s
2
satisfies ApΣ X B˜ǫ1{3pQ0qq ě cǫ
2{3.
Thus, (5.2) implies that
inf
ΣXB˜
ǫ1{3
pQ0q
}h˜Σ}2 ď c´1ǫ1{3.
Together with (5.2), this implies that
(5.3) }}h˜Σ}2}C0,αpΣXB˜
ǫ1{3
pQ0qq
ě cǫ´α{3
for any α P p0, 1q. On the other hand, using (5.1), for each P P Σ X B˜ǫ1{3pQ0q,
the connected component of ΣX B˜ǫ1{3pQ0q containing P is a graph over some open
set of TPΣ of a function u
P with uniformly bounded gradient and Hessian. Note
that Σ is minimal, hence u satisfies a uniformly elliptic equation. If P R BM , we
can apply the interior Schauder estimate (Corollary 6.3 of [13]) to get a uniform
C2,α estimate for uP . If P P BM , using the free boundary condition, u satisfies
a homogeneous boundary condition in the Fermi coordinates, hence the Schauder
estimate for uniformly elliptic equations with homogeneous boundary conditions
([1]) again implies a uniform C2,α estimate for uP . Therefore, in any case, we have
}}h˜Σ}2}C0,αpΣXB˜
ǫ1{3
pQ0qq
ď C
for some constant C ą 0 depending only on the geometry ofBrpQq. This contradicts
(5.3) above when ǫ ą 0 is sufficiently small (depending on the geometry of BrpQq).
As a result, when ǫ ą 0 is chosen small enough, then r0 ď 1. So we are done.

6. The Smooth Compactness Theorem
We prove our main compactness result in this section.
Theorem 6.1. Let M3 be a compact 3-dimensional Riemannian manifold with
nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the
boundary BM is strictly convex with respect to the inward unit normal. Then the
space of compact properly embedded minimal surfaces of fixed topological type in M
with free boundary on BM is compact in the Ck topology for any k ě 2.
Proof. Note that by Theorem 2.11, M3 is diffeomorphic to the unit ball B3, hence
is simply connected. Let Σ be a compact properly embedded minimal surface
with free boundary on BM . Then Σ is orientable. Suppose Σ has genus g with γ
boundary components. From the Gauss equation and the minimality of Σ, for any
x P Σ, we have
1
2
}hΣ}2pxq “ KM pxq ´KΣpxq,
whereKM pxq andKΣpxq are the sectional curvatures of the plane TxΣ with respect
to M and Σ respectively. We can Integrate the equality above over Σ and apply
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the Gauss-Bonnet theorem to obtain
1
2
ż
Σ
}hΣ}2 “
ż
Σ
KM `
ż
BΣ
kg ´ 2πχpΣq,
where kg is the geodesic curvature of BΣ with respect to Σ and χpΣq is the Eu-
ler characteristic of Σ. Since Σ meets BM orthogonally along BΣ, kg is equal to
hBM pu, uq, where u is the unit tangent vector for BΣ. Therefore, there exists a
constant C ą 0 depending only on the upper bound of the sectional curvature of
M and the principal curvatures of BM so that
1
2
ż
Σ
}hΣ}2 ď CApΣq ` CLpBΣq ´ 2πp2´ 2g ´ γq.
Using the isoperimetric inequality (2.2) and the apriori length bound in Proposition
3.4, we obtain ż
Σ
}hΣ}2 ď Cpg ` γq,
where C is a constant depending only on the geometry of the ambient manifold M .
Let tΣiu be a sequence of compact properly embedded minimal surfaces of
fixed topological type. Using the same covering argument on [7, P.390-391], we
can extract a subsequence of tΣiu, which we still call tΣiu, and a finite number
of points tx1, . . . , xℓu such that Σi converges in the C
8 topology to some Σ0 in
Mz Yℓj“1 Brpxjq for any sufficiently small r ą 0. Here, Σ0 is a properly embedded
minimal surface (possibly with multiplicity) in Mztx1, . . . , xℓu with free boundary
on BMztx1, . . . , xℓu. Note that some xj may lie on BM . By the removable singular-
ity theorem (Theorem 4.1), Σ “ Σ0Ytx1, . . . , xℓu is a compact properly embedded
minimal surface with free boundary. The only thing left to prove is that Σ has
multiplicity 1 as the limit of Σi.
Recall that Σ is orientable. As Σi converges to Σ0 in Mz Y
ℓ
j“1 Bǫ2pxjq for any
sufficiently small ǫ, there exists a large enough i such that Σiz Y
ℓ
j“1 Bǫ2pxjq is
locally a union of graphs over Σ0 by the curvature estimate in Theorem 5.1. We
claim that there is only one sheet. Suppose not, then since Σ is orientable,we can
order the sheets Γ1, . . . ,Γk, where k ě 2. We claim that in this case, we would have
σ1pΣiq Ñ 0 as ǫ Ñ 0, which would contradict the eigenvalue estimate in Theorem
3.1.
To prove that σ1pΣiq Ñ 0 as ǫ Ñ 0, we define a Lipschitz function on Σi such
that
ϕ “
$’’’’’&
’’’’’%
1 on Γ1z Y
ℓ
j“1 Bǫpxjq
log rj´log ǫ
2
log ǫ´log ǫ2 on each Γ1 X pBǫpxjqzBǫ2pxjqq
0 on Σi XY
ℓ
j“1Bǫ2pxjq
´
log rj´log ǫ
2
log ǫ´log ǫ2 on each pΓ2 Y ¨ ¨ ¨ Y Γkq X pBǫpxjqzBǫ2pxjqq
´1 on pΓ2 Y ¨ ¨ ¨ Y Γkqz Y
ℓ
j“1 Bǫpxjq,
where rj “ d
M pxj , ¨q is the distance function in M from xj . After possibly sub-
tracting a constant, we can assume that
ş
BΣi
ϕ “ 0. Using the coarea formula and
the monotonicity formula for minimal surfaces with free boundary ([14]), the same
calculation as on [7, P.392] implies thatż
Σi
}∇Σiϕ}2 Ñ 0 as ǫÑ 0.
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On the other hand,
ş
BΣi
ϕ2 converges to a constant C as ǫÑ 0. Since each Γℓ covers
BΣ0 once, we have LpBΓℓq ě LpBΣ0q ´ η for any arbitrarily small η ą 0 as ǫ Ñ 0.
Hence, C ‰ 0. By the variational characterization of the first Steklov eigenvalue
σ1pΣiq “ infş
BΣi
f“0,fı0
ş
Σi
}∇Σif}2ş
BΣi
f2
,
we see that σ1pΣiq Ñ 0 as ǫÑ 0. Using the Allard regularity theorem for minimal
surfaces with free boundary ([16]), we see that Σi converges to Σ in the C
8 topology
even across the points x1, . . . , xℓ. This completes the proof of Theorem 6.1. 
Corollary 6.2. The space of compact properly embedded smooth minimal surfaces
of fixed topological type in the Euclidean unit ball B3 with free boundary on BB3
is compact in the C8 topology.
References
1. S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions. I, Comm. Pure Appl.
Math. 12 (1959), 623–727. MR 0125307 (23 #A2610)
2. A. Azzam, On Dirichlet’s problem for elliptic equations in sectionally smooth n-dimensional
domains, SIAM J. Math. Anal. 11 (1980), no. 2, 248–253. MR 559866 (82k:35032a)
3. , On Dirichlet’s problem for elliptic equations in sectionally smooth n-dimensional
domains. II, SIAM J. Math. Anal. 12 (1981), no. 2, 242. MR 605433 (82k:35032b)
4. S. Brendle, Embedded minimal tori in s3 and the lawson conjecture, Acta Math., to appear.
5. Simon Brendle, Minimal surfaces in S3: a survey of recent results, Bull. Math. Sci. 3 (2013),
no. 1, 133–171. MR 3061135
6. E. Calabi, An extension of E. Hopf’s maximum principle with an application to Riemannian
geometry, Duke Math. J. 25 (1958), 45–56. MR 0092069 (19,1056e)
7. Hyeong In Choi and Richard Schoen, The space of minimal embeddings of a surface into
a three-dimensional manifold of positive Ricci curvature, Invent. Math. 81 (1985), no. 3,
387–394. MR 807063 (87a:58040)
8. Hyeong In Choi and Ai Nung Wang, A first eigenvalue estimate for minimal hypersurfaces,
J. Differential Geom. 18 (1983), no. 3, 559–562. MR 723817 (85d:53028)
9. Herbert Federer and Wendell H. Fleming, Normal and integral currents, Ann. of Math. (2)
72 (1960), 458–520. MR 0123260 (23 #A588)
10. Ailana Fraser and Richard Schoen, Minimal surfaces and eigenvalues problems, Contemporary
Mathematics, to appear.
11. Ailana Fraser and Richard Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball,
preprint.
12. Ailana Fraser and Richard Schoen, The first Steklov eigenvalue, conformal geometry, and
minimal surfaces, Adv. Math. 226 (2011), no. 5, 4011–4030. MR 2770439
13. David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second or-
der, Classics in Mathematics, Springer-Verlag, Berlin, 2001, reprint of the 1998 edition.
MR 1814364 (2001k:35004)
14. M. Gru¨ter and J. Jost, On embedded minimal disks in convex bodies, Ann. Inst. H. Poincare´
Anal. Non Line´aire 3 (1986), no. 5, 345–390. MR 868522 (88f:49029)
15. Michael Gru¨ter, A remark on isolated singularities at the free boundary of harmonic maps,
Ann. Global Anal. Geom. 15 (1997), no. 2, 173–178. MR 1448724 (98b:58045)
16. Michael Gru¨ter and Ju¨rgen Jost, Allard type regularity results for varifolds with free bound-
aries, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 13 (1986), no. 1, 129–169. MR 863638
(89d:49048)
17. Robert Gulliver and Frank David Lesley, On boundary branch points of minimizing surfaces,
Arch. Rational Mech. Anal. 52 (1973), 20–25. MR 0346641 (49 #11366)
18. Ste´fan Hildebrandt, Helmut Kaul, and Kjell-Ove Widman, An existence theorem for harmonic
mappings of Riemannian manifolds, Acta Math. 138 (1977), no. 1-2, 1–16. MR 0433502 (55
#6478)
16 AILANA FRASER AND MARTIN LI
19. Ju¨rgen Jost, On the regularity of minimal surfaces with free boundaries in Riemannian man-
ifolds, Manuscripta Math. 56 (1986), no. 3, 279–291. MR 856366 (87j:53089)
20. G. Kokarev, Variational aspects of laplace eigenvalues on riemannian surfaces, preprint.
21. Serge Lang, Introduction to differentiable manifolds, second ed., Universitext, Springer-Verlag,
New York, 2002. MR 1931083 (2003h:58002)
22. H. Blaine Lawson, Jr., Complete minimal surfaces in S3, Ann. of Math. (2) 92 (1970), 335–
374. MR 0270280 (42 #5170)
23. , The unknottedness of minimal embeddings, Invent. Math. 11 (1970), 183–187.
MR 0287447 (44 #4651)
24. Martin Man-chun Li, A sharp comparison theorem for compact manifolds with mean convex
boundary, Journal of Geometric Analysis, to appear.
25. Gary M. Lieberman, Mixed boundary value problems for elliptic and parabolic differential
equations of second order, J. Math. Anal. Appl. 113 (1986), no. 2, 422–440. MR 826642
(87h:35081)
26. William Meeks, III, Leon Simon, and Shing Tung Yau, Embedded minimal surfaces, exotic
spheres, and manifolds with positive Ricci curvature, Ann. of Math. (2) 116 (1982), no. 3,
621–659. MR 678484 (84f:53053)
27. Sebastia´n Montiel and Antonio Ros, Minimal immersions of surfaces by the first eigenfunc-
tions and conformal area, Invent. Math. 83 (1985), no. 1, 153–166. MR 813585 (87d:53109)
28. Johannes C. C. Nitsche, Stationary partitioning of convex bodies, Arch. Rational Mech. Anal.
89 (1985), no. 1, 1–19. MR 784101 (86j:53013)
29. Peter Petersen and Frederick Wilhelm, On Frankel’s theorem, Canad. Math. Bull. 46 (2003),
no. 1, 130–139. MR 1955620 (2003k:53073)
30. L. S. Pontryagin, Characteristic cycles on differentiable manifolds, Amer. Math. Soc. Trans-
lation 1950 (1950), no. 32, 72. MR 0038073 (12,350d)
31. Robert C. Reilly, Applications of the Hessian operator in a Riemannian manifold, Indiana
Univ. Math. J. 26 (1977), no. 3, 459–472. MR 0474149 (57 #13799)
32. Antonio Ros, A two-piece property for compact minimal surfaces in a three-sphere, Indiana
Univ. Math. J. 44 (1995), no. 3, 841–849. MR 1375352 (97g:53008)
33. R. Schoen, L. Simon, and S. T. Yau, Curvature estimates for minimal hypersurfaces, Acta
Math. 134 (1975), no. 3-4, 275–288. MR 0423263 (54 #11243)
34. Richard Schoen, Minimal submanifolds in higher codimension, Mat. Contemp. 30 (2006),
169–199, XIV School on Differential Geometry (Portuguese). MR 2373510 (2009h:53137)
35. Richard Schoen and Leon Simon, Regularity of stable minimal hypersurfaces, Comm. Pure
Appl. Math. 34 (1981), no. 6, 741–797. MR 634285 (82k:49054)
36. Francisco Urbano, Minimal surfaces with low index in the three-dimensional sphere, Proc.
Amer. Math. Soc. 108 (1990), no. 4, 989–992. MR 1007516 (90h:53073)
37. Robert Weinstock, Inequalities for a classical eigenvalue problem, J. Rational Mech. Anal. 3
(1954), 745–753. MR 0064989 (16,368c)
38. Brian White, Which ambient spaces admit isoperimetric inequalities for submanifolds?, J.
Differential Geom. 83 (2009), no. 1, 213–228. MR 2545035 (2010m:53094)
Mathematics Department, University of British Columbia, 1984 Mathematics Road,
Vancouver, BC V6T 1Z2, Canada
E-mail address: afraser@math.ubc.ca
Mathematics Department, University of British Columbia, 1984 Mathematics Road,
Vancouver, BC V6T 1Z2, Canada
E-mail address: martinli@math.ubc.ca
